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ABSTRACT 

Lunar mass c o n c e n t r a t i o n s  ("mascons") have  been  
implemented i n  t h e  Track ing  Ana lys i s  Program (BCMTAP) as 
mass p o i n t s .  M o d i f i c a t i o n s  t o  b o t h  t h e  e q u a t i o n s  o f  motion 
and t h e  v a r i a t i o n a l  e q u a t i o n s  have be completed.  

A l i m i t e d  o r b i t  d e t e r m i n a t i o n  a n a l y s i s  was conducted  
t o  show t h e  e f f e c t s  of  "mascons" as model ing e r r o r s .  Pseudo 
Doppler  data  were g e n e r a t e d  u s i n g  a s p h e r i c a l  Moon model 
i n  a d d i t i o n  t o  t h e  "mascons". These data were t h e n  p r o c e s s e d  
w i t h  on ly  t h e  s p h e r i c a l  Moon modeled. Thus t h e  s t a t e  v e c t o r  
o f f s e t s  and co r re spond ing  r e s i d u a l  p a t t e r n s  o b t a i n e d  a re  
d i r e c t l y  a t t r i b u t a b l e  t o  t h e  unmodeled "mascons". 

F i r s t ,  t h e  e f f e c t s  o f  f i v e  h i g h l y  p r o b a b l e  mass 
c o n c e n t r a t i o n s  on a low o r b i t  LO I11 t y p e  t r a j e c t o r y  were 
i n v e s t i g a t e d .  For t h e  p a r t i c u l a r  o r b i t  t h e  "mascons" l o c a t e d  
a t  N e c t a r i s  and Humorum are  dominant.  One and two o r b i t  
s o l u t i o n s  were o b t a i n e d .  The two r e v  f i t  r e s u l t e d  i n  a much 
la rger  p o s i t i o n  o f f s e t  which was a lmost  e n t i r e l y  out-of-  
p l a n e .  T r a j e c t o r y  s o l u t i o n s  are p r e s e n t e d  i n  Tab le  I11 
and ltesiduai p l o t s  are presented i n  F i g u r e s  1-3. 

Secondly ,  t h e  e f f ec t s  o f  a s i n g l e  "mascon" were 
e v a l u a t e d  t o  p r o v i d e  a s e t  of r e s i d u a l s  f o r  f u r t h e r  a n a l y s i s  
which w i l l  a t tempt  t o  r e c o n s t r u c t  t h e  magnitude and l o c a t i o n  
o f  t h e  unmodeled "mascon". A sequence  o f  f i v e  p o l a r  o r b i t s  
were used ,  t h e  ground t r a c k s  o f  which were e s s e n t i a l l y  
e v e n l y  spaced  t o  encompass a 210' band o f  l o n g i t u d e  t o  e i t he r  
s ide o f  t h e  "mascon". S t a t e  v e c t o r  o f f s e t s  and r e s i d u a l  
s i g n a t u r e s  o b t a i n e d  are p r e s e n t e d  h e r e i n .  

An a t t e m p t  was made t o  e v a l u a t e  t h e  e f f e c t s  o f  
d i f f e r e n t  t r a c k i n g  geometry f o r  one of t h e  p o l a r  o r b i t s .  The 
r e s i d u a l  p a t t e r n  was essentially ~nch2nged PveR theugh 2 
d i f f e r e n t  O.D.  s o l u t i o n  r e s u l t e d .  Fo r  t h e  p o l a r  o r b i t  s t u d y  
l a rge r  s t a t e  o f f s e t s  occuired for t h o s e  s p a c e c r a f t  o r b i t s  
which were n e a r e r  t h e  "mascon' as e x p e c t e d .  However, t h e  f a l s e  
large p l a n e  chant- t h a t  occu r red  when t h e  s p a c e c r a f t  flew 

I 
I ' p 7 . -  0 -  

( N A S A - C R - 1 7 2 6 2 1 )  A D D X I I C N  G F  MllSCCYS I N  N79-71645 PCMTAP R N D  A P R E L I Y I N A E Y  A Y A L Y S I S  O F  T H E I R  
EFFECTS CN O F B I T  DETERm1:JRPTCU (Bel. :c:>mn, 
Inc-) 3 0  p - 7  Lir:clas 

0 0 / 1 2  1176Q 

I (NASA CR OR T M X  OR AD NUMBER) (CATEGORY) 
E - d W U l A M E  ~ O ~ ~ M I R - ~ . J L N D  NASA I RESEARCH CEWWRG- QNLY 



BELLCOMM, INC. - 2 -  

directly over the "mascon" was unexpected. It was shown that 
this resulted because the polar orbit was being viewed edge- 
on and the observable (Doppler range difference data) is some- 
what insensitive to small plane changes. In fact, a simulated 
plane-in-the-sky orbit (normal to the Earth-Moon line) which 
flew directly over a "mascon" resulted in an almost totally 
in-plane correction as it should have. 

Earth-Moon geometry for the particular epoch selected 
gives rise to the apparent unequal effects of the "mascon" 
on trajectories which pass essentially equidistant from the 
imbedded mass-point. More of the acceleration due to the 
"mascon" is reflected in the Doppler observable f o r  those 
trajectories which pass to the west of the "mascon" since the 
selenographic longitude of the Earth is approximately 6 . 5 O  
West. This biases the orbit determination results. 
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MEMORANDUM FOR F I L E  

I n t r o d u c t i o n  

S t u d i e s  conducted  by Mue l l e r  and S j o g r e n  a t  J P L  have 
shown some r a t h e r  conv inc ing  e v i d e n c e  t h a t  t h e r e  are  areas of  
large mass c o n c e n t r a t i o n  l o c a t e d  b e n e a t h  t h e  Moon's s u r f a c e .  
High d e g r e e  and o r d e r  s p h e r i c a l  harmonic g r a v i t y  p o t e n t i a l  
models ,  p a r t i c u l a r l y  a n  1 1 t h  o r d e r  f i e l d  d e r i v e d  by LRC, { i e l d  
e l e v a t i o n  c o n t o u r s  which a re  a l s o  i n d i c a t i o n s  of "mascons . 
The a c t u a l  number, s h a p e ,  s i z e  and l o c a t i o n  of  these "mascons" 
w i l l  n o t  b e  known f o r  some t i m e .  A d d i t i o n a l l y ,  a n  a n a l y s i s  
such  as conducted  by J P L  g i v e s  no i n f o r m a t i o n  as t o  t h e  e x i s -  
t e n c e  of l u n a r  f a r  s ide  "mascons". 

A s  a f i r s t  approx ima t ion  it was d e c i d e d  t o  s i m u l a t e  
t h e  dynamica l  e f f e c t s  o f  t h e s e  mass c o n c e n t r a t i o n s  i n  BCMTAP 
us ing  a mass p o i n t  f o r m u l a t i o n .  The c a p a b i l i t y  t o  s o l v e  f o r  
t h e  l o c a t i o n  and magnitude of these  mass p o i n t s  was no t  con- 
s i d e r e d .  Toge the r  w i t h  t h e  s p h e r i c a l  harmonic p o t e n t i a l  model 
a l r e a d y  a v a i l a b l e  i n  BCMTAP, t h e  a d d i t i o n  o f  t h e  mass p o i n t s  
c o n s t i t u t e s  a h y b r i d  l u n a r  p o t e n t i a l  model .  

F o r m u l a t i o n  of  Mass P o i n t  Equa t ions  

The e q u a t i o n s  o f  motion i n  s u b r o u t i n e  ACCEL have been  
m o d i f i e d  t o  i n c l u d e  t h e  a c c e l e r a t i o n s  e x e r t e d  on t h e  s p a c e c r a f t  
by t h e  mass p o i n t s  as f o l l o w s :  

.. 
x =  

.. 
Y =  

.. 
z =  

f 
f 
f 

i=1 

i=1 

i=1 
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where a 

pi and 
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are the inertial coordinates of the 
spacecraft in Selenocentric Mean of 
1950 coordinates, 

are the inertial coordinates of the 
ith mass point, 

is the mass of the ith mass point. 

The ui are input in parts per million o f  the total 
mass of the moon. The inertial coordinates f o r  the ith mass 
point are obtained by rotating the Selenographic coordinates 
into Selenocentric Mean of 1950. The Selenographic location 
is determined as follows. 

Xs = Ri cos 0 cos X 

Ys = R. cos 0 sin X 
1 

Zs = Ri sin @ 

is the radial distance to the mass 
point measured from the Moon's 
center 

Ri where 

and @,A are latitude and longitude of the 
mass point respectively. 

When mass points are included the mass used in the 
central body term for the Moon is reduced automatically by 
an amount equal to the sum of the added "mascons". 

When integrating the equations of motion in BCMTAP a tra- 
jectory tape is wri t ten  lnor use in i f i te i -polat ion cf' the s t a t e  v e c t o r  
of the spacecraft, e.g., when integrating the variational equations 
or processing tracking data. Given a function and its first and 
second derivatives at two points, the interpolation routine evaluates 
the function at intermediate points. 
no additional modifications are necessary since the accelerations must 

For interpolation on position, 
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n e c e s s a r i l y  be mod i f i ed  t o  i n c l u d e  t h e  e f f e c t s  o f  t h e  "mascons". How- 
e v e r ,  t o  p r o v i d e  f o r  adequa te  v e l o c i t y  i n t e r p o l a t i o n  t h e  mass p o i n t  
r r j e r k r r  c o n t r i b u t i o n s  must be inc luded .  The a d d i t i o n s  are as f o l l o w s :  

where 

... 
X 

... 
Y 

... 
Z 

r =  

(Y - Y i >  
+ 31Ji r 

i=l *3 A 5  

(i - ii) ( z  - Z i )  N 
= -lJi + 31Ji r 

i=l A 3  A 5  

( x  - X i ) ( i  - ii) + ( Y  - Y i ) ( P  - Pi) + ( z  - Z i ) ( i  - i,) 

The s e l e n o c e n t r i c  mass p o i n t  v e l o c i t i e s  are  o b t a i n e d  by ro -  
t a t i n g  t h e  s e l e n o g r a p h i c  v e l o c i t i e s  i n t o  t h e  i n e r t i a l  frame. The 
s e l e n o g r a p h i c  v e l o c i t i e s  a re  g iven  by  : 

Om xi = -Y i 

Pi = xi Qm 

i, = 0 

where n = 2 . 6 6 2  x r a d / s e c ,  r o t a t i o n a l  r a t e  of  t h e  Moon. m 

I n  BCMTAP t h e  s t a t e  t r a n s i t i o n  m a t r i c e s  are o b t a i n e d  b y  
i n t e g r a t i o n  o f  t h e  v a r i a t i o n a l  e q u a t i o n s .  The s t a t e  t r a n s i t i o n  
m a t r i x  i s  used  t o  r e l a t e  e r r o r s  i n  t h e  s t a t e  v e c t o r  a t  some t i m e ,  
t J  t o  s t a t e  e r r o r s  a t  epoch, t o .  The e l emen t s  o f  t h e  m a t r i x  are 

v a r i a t i o n a l  e q u a t i o n s  were modif ied t o  a d e q u a t e l y  r e f l e c t  t h e  mass 
p o i n t  e f f e c t s  i n  t h e  s t a t e  t r a n s i t i o n  m a t r i x .  The v a r i a t i o n a l  
e q u a t i o n s  are  as f o l l o w s :  

f i r s t  o r d e r  p a r t i a l  d e r i v a t i v e s ,  e .g . ,  a x ( t ) / a x ( t o j .  -. ' I ' hUS t h e  

Q 
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0 

I 

and G 
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is the state transition matrix relating 
variations in state at time t to errors 
in state at epoch, to; 

is a 3x3 n u l l  matrix; 

is a 3x3 identity matrix; 

is a 3x3 symmetric matrix whose elements 
are partial derivatives of the spacecraft 
accelerations with respect to position. 

The following quantities were added to the G matrix to repre- 
sent the effects of the "mascons". 

and 

.. 
ax 
ax - 

.. 
ax 
ay 
_. 

.. 
ax 
az - 

.. 
aY 
ay 
- 

.. 
aY 
az - 

.. 
qv O U  - 
az 

i=1 

.. 
aY 
ax - 

.. az 
ax - 

r 
i=1 

.. 
az 
ay 
_. 

N c 

2 
-pi (x - Xi) 

3 + 3 U i  
A *5 
- 

(x - Xi)(Y - Yi) 
A 5  

= f 3?Ji 
i=l 

(x - Xi)(Z - Zi) 
= f 31Ji . 5  

i=1 L), 
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Preliminary Orbit Determination Analysis Using ::Mascons!' 

A limited study was conducted to evaluate the effect 
of mass points as modeling errors on "state only" orbit deter- 
mination solutions. First the resulting state updates due 
to five ltmasconsf' for one and two orbit fits were evaluated. 
Secondly, residuals resulting from a single "mascon" were 
obtained for use in a forthcoming analysis which will attempt 
to reconstruct the magnitude and location of the mass-point 
from the accelerations implied by the time derivative of the 
fitted Doppler residuals. 

Five "Mascon" Study 

assuming a spherical Moon with five "mascons1'. The "mascons" 
considered were Mare Imbrium, Mare Serenitais, Mare Nectaris, 
Mare Crisium, and Mare Humorum. Preliminary masses and loca- 
tions were obtained from Dr. P. Gottlieb of J F L  and are given 
in Table 11. These "mascons" were numbered among the seven 
presented by Mueller & Sjogren in their paper in "Science". 
Only two, Crisium and Nectaris, are located within the band 
of latitude defined by the ground track of the satellite for 
this inclination. The ground track for the trajectory used 
in this study is presented in Figure 4. The state vector used 
is presented in Table I. A l s o  shown are the corresponding 
osculating orbital elements. The nominal state vector corre- 
sponds to the low orbit LO I11 trajectory. 

Pseudo tracking data were generated for two stations 

Whereas the five "mascons" were simulated it can 
be seen from Figure 4 that the effects of Nectaris and Humorum 
are dominant. At closest approach a rough estimate of the 
accelerations indicates that Nectaris would yield 3.5 times 
the peak acceleration produced by Humorum. This is approximately 
the difference seen in the residuals. The other "mascons" 
produce accelerations at their respective closest approaches 
which are negligible compared to the Nectaris "mascon!'. 

Tracking data were generated for two orbital passes 
at a 60 second sample rate with Woomera as the master, or two- 
way, station and Goldstone in a three-way, or slaved, mode. 
Doppler range-difference data were used. These data were 
processed against a spherical Moon model to isolate the effects 
of the "mascon". Any state vector offset then can be considered 
as being in error from the actual spacecraft trajectory. For 
the particular epoch and tracking configuration chosen only 
the two-way station had visibility during the second pass. 

.. 
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S t a t e  v e c t o r  updates  f o r  t h e  one and two pass 
s o l u t i o n s  a re  p r e s e n t e d  i n  T a b l e  I11 i n  i n e r t i a l  c o o r d i n a t e s  
as w e l l  as i n  t h e  l o c a l  v e r t i c a l  frame. The l o c a l  v e r t i c a l  
frame i s  d e f i n e d  as u ( r a d i a l ) ,  v (down-range) and w ( c r o s s -  
t r a c k ) .  Corresponding o r b i t a l  e lement  changes are  a l s o  
p r e s e n t e d .  Again,  these updates  r e s u l t  p r i m a r i l y  from t h e  
N e c t a r i s  and Humorum "mascons". The two pass f i t  r e s u l t s  
i n  a l a rge r  p o s i t i o n  o f f s e t  than  t h e  one r e v  s o l u t i o n .  T h i s  
i n c r e a s e  i s  a lmost  e n t i r e l y  out-of-plane and co r re sponds  t o  
t h e  la rger  change i n  t h e  ascending  node. The two pass s o l u t i o n  
a l s o  r e s u l t s  i n  a l a r g e r  p e r i o d ,  and co r re spond ing  semi- 
major  a x i s ,  change. 

R e s i d u a l  s i g n a t u r e s  are  p r e s e n t e d  i n  F i g u r e s  1 
th rough  3. F i g u r e  1 shows t h e  d i r e c t  e f f e c t  o f  t h e  "mascons" 
on t h e  two-way (CC3) and three-way (C3) o b s e r v a b l e s .  These 
r e s i d u a l s  r e s u l t  from t h e  ' f i rs t  i t e r a t i o n  th rough  t h e  data  
and do n o t  r e f e l e c t  any s t a t e  u p d a t e .  The p o i n t s  o f  c l o s e s t  
approach  t o  b o t h  t h e  Humorum and N e c t a r i s  "mascons" a r e  
e v i d e n t  from t h e  r e s i d u a l  p l o t s .  These occur  approx ima te ly  
1500 and 2800 seconds  r e s p e c t i v e l y  f o r  t h e  f i r s t  r e v .  The 
c l o s e s t  approaches  t o  Humorum and N e c t a r i s  are i n d i c a t e d  on 
t h e  r e s i d u a l  p l o t s .  F i n a l  r e s i d u a l  p l o t s  f o r  t h e  one-pass 
and two-pass s o l u t i o n s  are shown i n  F i g u r e s  2 and 3. Fo r  
comparison p u r p o s e s ,  q u a n t i z a t i o n  n o i s e  f o r  rea l  data  a t  t h i s  
sample r a t e  would b e  approximate ly  0 . 0 0 1 5  f p s .  Thus,  f i n a l  
r e s i d u a l s  are  w e l l  above t h e  n o i s e  l e v e l  f o r  a c t u a l  MSFN t r a c k -  
i n g  data and "mascons" of t h i s  magnitude would show up i n  t h e  
f i t  r e s i d u a l s .  The s i n g l e  "mascon" s t u d y  d i s c u s s e d  i n  t h e  n e x t  
s e c t i o n  was conducted t o  de te rmine  how w e l l  t h e  magnitude and 
l o c a t i o n  of such  a "mascon" could  b e  r e c o n s t r u c t e d  from 
t h e  r e s i d u a l s .  

S i n g l e  "Mascon" Study 

A more e x t e n s i v e  s tudy  was conducted u s i n g  a s i n g l e  
"mascon" o f  40 ppm l o c a t e d  50 km b e n e a t h  t h e  s u r f a c e  on t h e  
l u n a r  e q u a t o r  a t  z e r o  l o n g i t u d e .  F i v e  non-consecut ive  p o l a r  
o r b i t s  were used  as t h e  r e f e r e n c e  t r a j e c t o r i e s .  T a b l e  I V  l i s t s  
t h e  f i v e  nominal  s ta tes  a t  t h e  p r o c e s s i n g  epochs .  These 
o r b i t s  are s e p a r a t e d  by approximate ly  5" i n  descend ing  node 
c o v e r i n g  t h e  r e g i o n  o f  *loo o f  l o n g i t u d e .  

Pseudo t r a c k i n g  d a t a  were g e n e r a t e d  w i t h  a s p h e r i c a l  
ivioori model in additicn tc! the "mascon" t o  r e p r e s e n t  t he  l u n a r  
g r a v i t y  f i e l d .  For  each  of these  o r b i t s  data were g e n e r a t e d  
f o r  one master and one s l a v e d  s t a t i o n .  These da ta  were t h e n  
p r o c e s s e d  a g a i n s t  a s p h e r i c a l  Moon t o  o b t a i n  t h e  leas t  s q u a r e s  
estimate of s t a t e .  A l l  s o l u t i o n s  o b t a i n e d  were f o r  s i n g l e  
are p r o c e s s i n g  and s h o u l d  be c o n s t r u e d  as d e v i a t i o n s  from the  
a c t u a l  s p a c e c r a f t  t r a j e c t o r y  produced b y  t h e  unmodeled "mascon". 
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T a b l e  V shows t h e  s t a t e  v e c t o r  u p d a t e s  i n  i n e r t i a l  
and l o c a l  v e r t i c a l  c o o r d i n a t e s  as w e l l  as co r re spond ing  
changes t o  t h e  o s c u l a t i n g  o r b i t a l  e l emen t s  due t o  t h e  "mascon" 
as a model ing e r r o r .  The r e s i d u a l s  o b t a i n e d  a re  p r e s e n t e d  
i n  F i g u r e s  4A-gB. The A f i g u r e s  a re  t h e  r e s i d u a l s  r e s u l t -  
i n g  from t h e  "mascon" p r i o r  t o  any s t a t e  upda te .  The B 
f i g u r e s  a re  t h e  f i n a l  f i t  r e s i d u a l s .  The s i x t h  s o l u t i o n ,  
t r a j e c t o r y  5 A ,  was made t o  a s s e r t a i n  t h e  e f f e c t  of  d i f f e r e n t  
s t a t i o n  geometry by re - running  t h e  f i f t h  t r a j e c t o r y  u s i n g  
Golds tone  i n  l i e u  of  Madr id  as t h e  two-way s t a t i o n ,  keep- 
i n g  Ascens ion  as t h e  three-way. The r e s u l t i n g  o f f s e t s  o b t a i n e d  
from t h e  Madrid-Ascension combinat ion were l a r g e r  t h a n  t h a t  
o b t a i n e d  u s i n g  Goldstone-Ascension, e . g . ,  a t h r e e  t i m e s  
l a r g e r  i n c l i n a t i o n  change. However, t h e  f i n a l  f i t  r e s i d u a l s  
f o r  b o t h  5 and 5 A  a r e  e s s e n t i a l l y  t h e  same. 

From T a b l e  V one can s e e  t h e  v a r i a t i o n  i n  t h e  o f f -  
s e t  s t a t e  and o r b i t a l  e lements  as t h e  s a t e l l i t e  ground t r a c k  
approaches  t h e  z e r o  mer id i an  c o n t a i n i n g  t h e  "mascon". The 
maximum d e v i a t i o n s  from t r a j e c t o r y  3 are expec ted  s i n c e  t h e  
s a t e l l i t e  i s  much c l o s e r  t o  t h e  imbedded mass p o i n t .  That  
t h i s  a l s o  g i v e s  t h e  l a r g e s t  p l a n e  change was somewhat 
unexpec ted  s i n c e  t h e  o r b i t  p a s s e s  e s s e n t i a l l y  ove r  t h e  "mascon". 
Also i n i t i a l l y  unexpec ted  but  a p p a r e n t  from Tab le  V i s  t h e  
l a c k  of  symmetry between t h e  OD s o l u t i o n s  for any two t r a j e c -  
t o r i e s  which a re  e s s e n t i a l l y  e q u i d i s t a n t  from t h e  "mascon", 
e . g . ,  between t r a j e c t o r i e s  1 and 5 ( 5 A )  which pass approx i -  
m a t e l y  10' E a s t  and West of t h e  mass p o i n t  r e s p e c t i v e l y .  
T h i s  l a c k  of  symmetry i s  p a r t i c u l a r l y  a p p a r e n t  when compar- 
i n g  r e s i d u a l  p l o t s  f o r  t h e  t r a j e c t o r i e s .  

The l a r g e  p l a n e  change f o r  t r a j e c t o r y  3 i s  due 
p a r t i a l l y  t o  t h e  f a c t  t h a t  t h e  s p a c e c r a f t  d i d n ' t  e x a c t l y  pass 
over  t h e  "mascon". Whereas an  a t tempt  was made t o  p a s s  d i r e c t l y  
o v e r  t h e  mass-poin t ,  t h e  p a r t i c u l a r  r e f e r e n c e  t r a j e c t o r y  used  
a c t u a l l y  pas sed  approximate ly  0.1' East o f  t h e  "mascon". T h i s  
c a u s e s  a n  a c c e l e r a t i o n  normal t o  t h e  o r b i t ,  t h e  maximum v a l u e  
o f  which would be approximate ly  5 x 10-5fps2 .  However t h e  
a c c e l e r a t i o n  would t e n d  t o  i n c r e a s e  t h e  i n c l i n a t i o n  and 
d e c r e a s e  t h e  node which i s  i n  t h e  d i r e c t i o n  of  t h e  o f f s e t .  
T h i s  of  i t s e l f  would no t  be enough t o  e f f e c t  t h e  l a r g e  p l a n e  
change which r e s u l t e d .  

For  t h e  most p a r t ,  t h e  l a r g e  p l a n e  change r e s u l t s  
from t h e  f a c t  t h a t  t h e  orbit i s  b e i n g  viewed essentTallg ec?ge- 
on and t h e  o b s e r v a b l e  (Doppler  s h i f t )  i s  somewhat i n s e n s i t i v e  
t o  small p l a n e  changes.  For example,  a change i n  i n c l i n a t i o n  
i s  e s s e n t i a l l y  a r o t a t i o n  about  t h e  Earth-Moon l i n e .  The 
z e r o  Doppler  s h i f t  p o i n t  i s  h a r d l y  a f f e c t e d  and a t  t h e  l i m b s ,  
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where essentially the total velocity is being measured, the 
small differences are essentially masked. Contrast this 
situation to a plane-in-the-sky type orbit which is essentially 
normal to the Earth-Moon line. For this situation a small 
Doppler shift results and any changes in the orbital inclina- 
tion produce, precentage-wise, a significant change in the 
Doppler observable. Therefore, the orbit is not free to dis- 
card the effects of a modeling error into the out-of-plane 
direction. In fact, a plane-in-the-sky orbit was simulated. 
The "mascon1' was located at 90" East longitude and the polar 
orbit flew directly over it. The state update resulting from 
the modeling error was almost entirely an in-plane correction. 

The lack of symmetry in the OD solutions has been 
ascribed to Earth-Moon geometry. This can best be seen not 
by looking at the orbit solutions themselves but by comparison 
of residual plots. The orbit determination program does the 
best it can in the presence of a modeling error to minimize 
these residuals. Thus the phenomena which cause the residuals 
to be so apparently different are also primarily responsible 
for the different OD solutions. Factors which can introduce 
differences in the residuals are; (a) non-symmetry in the 
reference trajectories relative to the "mascon", (b) track- 
ing station geometry and (c) Earth-Moon geometry. 

Comparison of the results of trajectories 5 and 5A 
show that station geometry can have an influence on the result- 
ing orbit but minimal effect on the Doppler residuals. Yet 
residuals for both 5 and 5A are significantly different than 
those obtained for trajectory 1. Non-symmetry in the reference 
trajectories can not produce residual differences of the 
magnitude observed, Trajectory 5(5A) has a longitude at closest 
approach of 9.7" West whereas trajectory 1 passes the "mascon" 
approximately 9 . 9 O  East. This accounts for only 3.8 percent 
of the difference in acceleration due to the "mascon". The 
residual plots indicate that the effects of the "mascon" on 
trajectory 5(5A) are approximately 2 times greater than that 
for trajectory 1. 

The apparent differences in the accelerations due 
to the "mascon" for these trajectories is due to Earth-Moon 
geometry. For the particular epochs selected the seleno- 
graphic latitude and longitude of the Earth are both approxi- 
mately -6.5". These values correspond to essentially maximum 

Considering only the longitudinal libration one can approximate 
the effects of the "mascon" on the Doppler observable for 
both trajectories 1 and 5 ( 5 A ) .  Since the two reference trajecto- 
ries are essentially symmetric the maximum acceleration produced 

-7-1 v a A u b o  ,.m" zf lunzl- l i S r a t i s n  i:: l z t i t u d e  an:! lcngitude respes t iue ly  . 
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3 
b y  t h e  "mascon" on b o t h  can  be c o n s i d e r e d  t h e  same (0.00535 fps ' ) .  
However, s i n c e  t h e  ear th  i s  i n  t h e  w e s t e r n  hemisphere a t  t h i s  
t i m e  t h e  component of  t h i s  a c c e l e r a t i o n  a l o n g  t h e  Earth-Moon 
l i n e  i s  g rea t e r  f o r  t r a j e c t o r y  5(5A) t h a n  f o r  t r a j e c t o r y  1. 
The a n g l e  between t h e  a c c e l e r a t i o n  due t o  t h e  lfmasconff and 
t h e  Earth-Moon l i n e  f o r  t r a j e c t o r y  1 i s  approx ima te ly  74.5'. 
The co r re spond ing  a n g l e  f o r  t r a j e c t o r y  5(5A) i s  61.5'. T h i s  
r e s u l t s  i s  a f a c t o r  of  1 . 8  times l a r g e r  a c c e l e r a t i o n  p r o j e c t e d  
a l o n g  t h e  Earth-Moon l i n e  f o r  t r a j e c t o r y  5 .  The component 
normal t o  t h e  Earth-Moon l i n e  d o e s n ' t  c o n t r i b u t e  t o  t h e  Range 
d i f f e r e n c e  o b s e r v a b l e  and i s  e s s e n t i a l l y  unmeasured. 

The f a c t  t h a t  t h e  r e s i d u a l  p l o t s  f o r  t r a j e c t o r i e s  2 
and 4 show e s s e n t i a l l y  t h e  same "mascon" i n f l u e n c e  i s  some- 
what m i s l e a d i n g .  Here, t h e  b i a s  produced b y  t h e  westward 
o r i e n t a t i o n  of the Ea r th  i s  o f f s e t  by  t h e  l a c k  of  symmetry i n  
t h e  ground t r a c k  f o r  these two t r a j e c t o r i e s .  T r a j e c t o r y  2 
a c t u a l l y  c r o s s e s  t h e  e q u a t o r  a t  4.5' E a s t  whereas t r a j e c t o r y  4 
has a l o n g i t u d e  a t  c l o s e s t  approach of  -5.3'. T h i s  d i f f e r e n c e  
a l o n e  causes  a 1 6 . 7  p e r c e n t  l a rger  a c c e l e r a t i o n  for t r a j e c t o r y  
When Earth-Moon geometry i s  t aken  i n t o  a c c o u n t ,  t r a j e c t o r y  4 
s h o u l d  r e s u l t  i n  about  18 p e r c e n t  l a rger  a c c e l e r a t i o n  a l o n g  
t h e  Earth-Moon l i n e .  T h i s  i s  approx ima te ly  t h e  d i f f e r e n c e  
obse rved  i n  t h e  r e s i d u a l  p l o t s .  

R e f e r r i n g  a g a i n  t o  T a b l e  V some e x p l a n a t i o n  i s  
n e c e s s a r y  r e g a r d i n g  the  changes t o  w and f f o r  t r a j e c t o r i e s  2 
and 3 .  For t h e  c i r c u l a r  r e f e r e n c e  o r b i t s  u sed  i n  t h e  s t u d y  
the  OD program d e f i n e s  p e r i l u n e  arguement as s e l e n o g r a p h i c  
l a t i t u d e  a t  epoch and d e f i n e s  t r u e  anomaly t o  b e  z e r o .  When 
e c c e n t r i c i t y  i s  changed b y  g r e a t e r  t h a n  1E-5 v a l u e s  a r e  
computed for b o t h  w and f .  Both t r a j e c t o r i e s  2 and 3 r e s u l t e d  
i n  s u f f i c i e n t  change i n  e c c e n t r i c i t y  t o  r e d e f i n e  w and f .  

Conc lus ions  

Lunar mass c o n c e n t r a t i o n s  have been  s i m u l a t e d  i n  
BCMTAP as mass p o i n t s .  Both t h e  e q u a t i o n s  of  motion and t h e  
v a r i a t i o n a l  e q u a t i o n s  have been modi f ied  and t h e  check o u t  
completed.  

2 .  

The e f f e c t  o f  "mascons" as model ing errors on o r b i t  
d e t e r m i n a t i o n  s o l v i n g  f o r  s t a t e  on ly  has been  s t u d i e d .  R e s i d u a l  
s i g n a t u r e s  o b t a i n e d  f o r  t h e  v a r i o u s  O . D .  s o l u t i o n s  are  c h a r a c t e r -  
i s t l c  of a "mascon" modeling e r r o r .  The r e s i d u a l s  from t h e  
s i n g l e  "mascon" s t u d y  w i l l  b e  used  t o  a t t e m p t  t o  r e c o n s t u r c t  
t h e  magnitude and l o c a t i o n  of  t h e  unmodeled "mascon". 
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The s t a t e  o f f s e t s  r e s u l t i n g  from t h e  unmodeled "mascon" 
were found t o  i n c r e a s e  f o r  t r a j e c t o r i e s  i n  which t h e  space-  
c r a f t  was c l o s e r  t o  t h e  "mascon!' as e x p e c t e d .  However, t h e  
d i r e c t i o n  of t h e  o f f s e t s  were n o t  as e x p e c t e d ,  i n  p a r t i c u l a r ,  
t h e  p l a n e  change f o r  Run 3 which f lew d i r e c t l y  ove r  t h e  "mascon". 
T h i s  r e s u l t e d  because  t h e  obse rvab le  was r a the r  i n s e n s i t i v e  
t o  small p l a n e  changes f o r  t h e  edge-on o r b i t s  s i m u l a t e d .  A 
s i m u l a t e d  plane-in- the-sky o r b i t  r e s u l t e d  i n  e s s e n t i a l l y  a n  
in -p lane  s o l u t i o n  f o r  a n  unmodeled "mascon" l o c a t e d  d i r e c t l y  
under  t h e  s p a c e c r a f t ' s  o r b i t .  

Apparent  a s y m m e t r i c a l  e f f e c t s  o f  t h e  "mascon", 
n o t i c e a b l e  i n  t h e  s ta te  o f f s e t s  as w e l l  as t h e  r e s i d u a l  p l o t s ,  
were a t t r i b u t e d  t o  Earth-Moon geometry and were shown t o  b e  
maximum f o r  t h e  p a r t i c u l a r  epoch s e l e c t e d .  
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TABLE I 

Selenocentric Mean of 1950 State Vector 

X - - -6,685,791.1338 ft. 

Y - - 753,854.2322 ft. 

Z - - 145,070.43963 ft . 
i - - -283.7476049 f p s  

G - - -3632.2877296 fps 

i - - -337197477033 fps 

EPOCH August 3 0 ,  1967 

20 hrs. 54 min. 58.51 sec. 

Selenographic Orbital Elements of Date 

Semi-Major Axis, (a) . . . . . . . . .  6,457,408.2 ft. 
Eccentricity, (e). . . . . . . . . . .  0.04346 
Inclination, (1) . . . . . . . . . . .  20.8969 deg. 
Arguement of Ascending Node,(n). . . .  63.856 deg. 
Arguement of Perilune, ( w )  . . . . . .  354.375 deg. 
True Anomaly, (f). . . . . . . . . . .  193.425 deg. 
Altitude of Perilune, ( h p )  . . . . . .  474,345.9 ft. 

Altitude of Apolune, (h,). . . . . . .  1,035,680.6 ft. 
Orbital Period, (Tp). . . . . . . .  2.1765 hrs. 



TABLE I1 

Mare Imbrium 

Mare Serenitatis 

Mare Crisium 

Mare Nectaris 

Mare Humorum 

Summary of "Mascons" Used 

Depth Below 
Magnitude Lunar Surface Latitude Longitude 

(PPd (km) (deg) (deg) 

22 1 0 0  34 -17 

16 100 25 18 

12 10 0 18 57 

9 1 0 0  - 1 4  33 

3 50 -22 .5  - 39 
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WOM - PSEUDO DATA (CC3) 
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FIGURE 1 - EFFECT OF 5 UNMODELED "MASCONS" ON DOPPLER OBSERVABLE 
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